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Abstract
Single scalar field inflation with a generic, non-quadratic in derivatives, field Lagrangian
is considered. It is shown that non-Gaussianity of curvature perturbations is characterized
by two dimensionless amplitudes. One of these amplitudes can be expressed in terms of the
usual inflationary observables – the scalar power, the tensor power, and the tensor index.
This consistency relation provides an observational test for the single scalar inflation.
1
I. INTRODUCTION
It is hoped that the tentative status of inflationary theory will end when a consistency
relation [1] between the scalar power, the tensor power, and the tensor slope is tested
observationally. For single scalar inflation with the field Lagrangian L = 1
2
(∂φ)2−V (φ), the
consistency relation is PT/PS = −8nT . The tensor power PT , the scalar power PS, and the
tensor spectral index nT are inflationary observables.
If however a more general single field Lagrangian is considered, L = L(ξ, φ), with ξ ≡
1
2
(∂φ)2, the usual consistency relation should be replaced by [2]
PT/PS = −8csnT , (1)
where
c2s ≡
Lξ
Lξ + 2ξLξξ (2)
is the speed of high-frequency scalar perturbations; Lξ denotes partial derivative. The speed
of sound cs cannot be measured independently. Thus this kind of inflation escapes the usual
observational test.
Recently Creminelli [3] noted that single scalar inflation with non-quadratic kinetic energy
is characterized by a large (as compared to standard single scalar [4]) and therefore poten-
tially observable [5], non-Gaussianity. Creminelli [3] considered a specific non-quadratic
Lagrangian, but it is straightforward to generalize his approach to a generic L = L(ξ, φ).
We will show that the three-point correlator of curvature perturbations depends on two
dimensionless amplitudes. One of these amplitudes can be expressed in terms of cs, thus
allowing an observational test of single scalar inflation. Of course, the very fact that the
three-point function depends on just two dimensionless amplitudes provides a consistency
check by itself. But measuring just an amplitude, with a given functional dependence on
the triangle of the wavevectors should be an easier task [6].
II. THREE-POINT CORRELATOR: RESULTS
We are interested in the curvature perturbation ζ . By definition, on superhorizon scales,
eζ is proportional to the scale factor on uniform energy hypersurface [7].
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We write the two-point correlator of the curvature perturbation in the following form
〈ζ(k)ζ(k′)〉 = (2pi)3δ(k + k′)P2(k). (3)
Here k is the length of the spatial vector k. The three-point correlator can be written as
〈ζ(k1)ζ(k2)ζ(k3)〉 = (2pi)3δ(k1 + k2 + k3)P3(k1, k2, k3). (4)
Define a dimensionless 3-point function
f(k1, k2, k3) ≡ P3(k1, k2, k3)
P2(k1)P2(k2) + P2(k1)P2(k3) + P2(k2)P2(k3)
. (5)
The convenience of this definition is especially clear for post-inflationary non-Gaussianities.
In this case ζ = g−(3/5)fnlg2, where g is a Gaussian random field and fnl is a constant, and
we get a constant f(k1, k2, k3) = −(6/5)fnl. We expect that f ∼ 1 might be observationally
testable [5] .
We show in the Appendix that non-qudratic single scalar inflation gives the dimensionless
3-point function
f(k1, k2, k3) = f1
(
3
2
+
1
9
p2
k2
− kp
2
q3
− p
4
kq3
)
+ f2
k2
1
k2
2
k2
3
k3q3
(6)
where
k ≡ k1 + k2 + k3
3
, p2 ≡ k
2
1
+ k2
2
+ k2
3
3
, q3 ≡ k
3
1
+ k3
2
+ k3
3
3
, (7)
and the two amplitudes are
f1 =
1− c2s
c2s
(8)
f2 =
2
27
(1− c2s)2
c2s
− 4
81
(1− c2s)
ξLξξξ
Lξξ . (9)
Equations (1) and (8) form a consistency relation for single scalar inflation.
As in [3], the above expressions are valid only in the leading order in the slow roll param-
eters. For degenerate triangles with k1 ≈ k2 ≫ k3, the 3-point function f(k1, k2, k3) vanishes
as k2
3
. It is also straightforward to check that our formulas reproduce the 3-point function
of [3] in the leading order in 1− c2s and ξLξξξ/Lξξ.
3
III. DISCUSSION
The 3-point function for single scalar inflation with non-quadratic Lagrangian is given
by two dimensionless amplitudes. One of these amplitudes can be expressed in terms of the
scalar power, the tensor power, and the tensor spectral index. This provides a consistency
relation.
Acknowledgments
This work was supported by the David and Lucile Packard Foundation.
APPENDIX A: 2-POINT CORRELATOR
We consider field Lagrangian L = L(ξ, φ), with ξ ≡ 1
2
(∂φ)2. In the leading order in slow
roll parameters, one can calculate the correlators of φ in de-Sitter space, and then translate
these into the correlators of ζ by a linear relation [3, 4]
ζ = −H
φ˙0
φ =
H√
2ξ
φ, (A1)
where φ˙0 = −
√
2ξ is the unperturbed value, and φ is the perturbation.
The second order Lagrangian for φ is
δ2L = a3
(
Lξδ2ξ + 1
2
Lξξ(δ1ξ)2
)
. (A2)
Here
δ1ξ = φ˙0φ˙, δ2ξ =
1
2
φ˙2 − 1
2a2
(∂iφ)
2. (A3)
and a = eHt is the scale factor. Introducing the speed of sound
c2s ≡
Lξ
Lξ + 2ξLξξ , (A4)
we can write the second order Lagrangian as
δ2L = Lξ
c2s
a3
2
(
φ˙2 − c
2
s
a2
(∂iφ)
2
)
. (A5)
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This gives
〈φ(k)φ(k′)〉 = (2pi)3δ(k+ k′)H
2
2k3
1
csLξ (A6)
and
〈ζ(k)ζ(k′)〉 = (2pi)3δ(k + k′)H
2
2k3
H2
2csξLξ , (A7)
which is the result of [2].
APPENDIX B: 3-POINT CORRELATOR
The cubic Lagrangian is
δ3L = a3
(
Lξξδ1ξδ2ξ + 1
6
Lξξξ(δ1ξ)3
)
(B1)
= −
√
2ξa3
(
(
1
2
Lξξ + 1
3
ξLξξξ)φ˙3 − 1
2a2
Lξξφ˙(∂iφ)2
)
(B2)
As in [3, 4], the φ 3-point correlator is calculated from
〈φ3〉 = −i
∫
dt〈[L3(t), φ3]〉, (B3)
using the 2-point correlators
〈φ(k, η)φ(k′, η = 0)〉 = (2pi)3δ(k+ k′)H
2
2k3
1
csLξ e
−icskη(1 + icskη). (B4)
Here η = −e−Ht/H is conformal time, and taking the limiting value η = 0 in the correlator
corresponds to calculating the 3-point function after horizon crossing. Translation into the
ζ correlator is done using (A1). The result can be presented in the form (6).
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